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The special-function expansion method is used to solve the sedimentation problem of
polydisperse colloid particles with thin double layer. The pair-distribution function is
expanded into Legendre polynomials. The recurrence formulas for calculating the coef-
ficients of the Legendre polynomials and the expressions for calculating the sedimenta-
tion coefficient are deduced analytically. Then, the sedimentation of polydisperse parti-
cles with thin double layer at small Péclet number is analyzed numerically by the pertur-
bation method. Results indicate that the sedimentation of potential interacting particles
is more complex than that of the hard spheres, and the existence of the thin double layer
affects the particles settling heavily. Critical double-layer thickness exists, without which
a colloid system may change from a stable one into an unstable one and the hindered

settling may change into accelerated settling.

Introduction

Sedimentation of small particles in a suspension is a basic
problem in colloid science and has important practical value
in many industries. Numerous investigations have been made
into the sedimentation in a dilute, stable suspension, yet only
two special cases have been concentrated on, namely, the
sedimentation of hard spheres (Batchelor, 1972; Reed and
Anderson, 1980; Batchelor and Wen, 1982; Kops-Werkhoven
et al., 1982; Davis and Birdsell, 1988; Al-naafa and Selim,
1992) and the sedimentation of spheres with interacting po-
tential in a monodisperse system (Batchelor and Wen, 1982;
Russel et al., 1989; Petsev and Denkov, 1992; Thies-Weesie
et al., 1995; Dhont, 1996; Ndgele, 1996). In an earlier article,
we showed (Wang and Wen, 1998) that in a monodisperse
system with a thin double layer, particles settle more quickly
than hard spheres when the attractive interparticle potential
exceeds the repulsive potential; whereas, when the repulsive
interparticle potential exceeds the attractive potential, the re-
verse occurs. When the attraction greatly exceeds the repul-
sion, for example, when the double-layer thickness is less than
the critical value, even a stable suspension changes to an un-
stable one, and the hindered settling turns into an acceler-
ated settling.

On the other hand, although the sedimentation in a poly-
disperse suspension also should be heavily affected by the
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interparticle potential, study has been hindered by two key
problems. The first is the lack of a reasonable way to deal
with the interparticle potential for a stable colloid system;
the second is discovering how to solve the pair-distribution
equation for a colloid system with interparticle potential. In a
monodisperse suspension, the pair-distribution function
(PDF) of the potential interacting spheres follows the well-
known Boltzmann distribution, so the second problem can be
avoided and one can focus on the influence of the interparti-
cle potential. We analyzed this problem in the same article
just cited (Wang and Wen, 1998) and established a new po-
tential model for colloid particles with a thin double layer,
which could explain the sedimentation experimental data
better than before. We now extend these results to the prob-
lem of sedimentation in a polydisperse suspension, the PDF
is expanded into Legendre polynomials, and then the expres-
sions for calculating the sedimentation coefficient are de-
duced. Subsequently, the coefficients of the Legendre poly-
nomials representing the radial parts of the PDF are further
expanded into a power series of small Péclet number, which
is a measure of the ratio of gravitational convection to Brow-
nian diffusion, thereby deriving an approximate solution for
the PDF and the sedimentation coefficient for a polydisperse
suspension with a thin double layer at a small Péclet number.
Also discussed are numerical results for the PDF and the
sedimentation coefficient.
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Expansion of the PDF into Legendre Polynomials

The microstructure of a dilute colloid system is described
by the PDF, p;;, which is the solution of the pair-distribution
equation (Wen, 1996)

Ip;;

prain =V (Vijpij)

{p., (i)T )}+V'( Dij*Vp;;). (1)

where p;; is defined as the probability that the center of
sphere j (with radius a; and density p;) lies with unit volume
at position r relative to the center of the test sphere i (with
radius a; and density p;); V;; is the relative gravitational ve-
locity of the two spheres; Dj; is the relative Brownian diffu-
sivity tensor of the two spheres; ®;; is interparticle potential;
and KT is the thermal energy of Brownian particles. V;; and
D;; can be expressed as (Batchelor, 1982)

vij=vig°>-{|_(s)§+ M(s)(l—?)} )

and

Dij=Di(?)-{G(s)z—z+ H(s)(l—?)}. 3)

Here s is the dimensionless center-to-center separation be-
tween two spheres scaled on the average radius (a; + a; )/2
Vi{? is the relative velocity; and D} is the relative Brownian
dlffuswlty when the two spheres are far apart from each other.
The four scalar functions L, M, G, and H can be obtained
from the low-Reynolds-number hydrodynamics (Jeffrey and
Onishi, 1984).

Choosing V(O) as the representative magnitude of V;; and
DY, the representatlve magnitude of D;;, for stable systems,
Eq. 1 reduces to its dimensionless form:

Ij’

v Vi
Pe. . TSO)pIJ —

D;; v D;; v
Piog (kT)

in which the Péclet number is defined as

D;;
??) 'Vpij =0, (4)

where s, represents the cutoff position of the interparticle
potential presented in the earlier article (Wang and Wen,
1998).

The pair-distribution equation (Eg. 4) cannot be solved an-
alytically. Different methods have been used to solve it ap-
proximately for different purposes (Batchelor and Wen, 1982;
Wang and Wen, 1990; Zinchenko and Davis, 1994). In this
article, investigations begin with the expansion of the PDF
into Legendre polynomials in consideration of its axis sym-
metry around the gravity direction. We express the PDF as

ps(5.0)= ¥ Ry(5)Py(cos 0), %)

n=0

in which P.(cos 6) are the Legendre polynomials, the func-

tion R, (s) denotes the radial parts of the PDF; and 6 is the

polar angle between s and the polar axis along which the

sphere of species j enters. Substituting Eq. 7 into Eq. 4, and

using the recurrent properties of the Legendre polynomials,

we obtain the recurrence formulas for R (s):
LB )

Pe L ds ds

and for n> 2,

n—1
e s’LR,)+ Pe- sMgRn
2n+1 ds 2n+1
d d(®;,/kT) dR,,_
e ;—sRn L+ 2 G—— ) n(n—1)HR,_,
n-1 n(n—-1)
+ Pe: o3 ds(s LR, ,)—Pe- sMﬁRn,2=0. 9

The corresponding boundary conditions for R.(s) are given

&, /KT drR
Pe LR, -G (®i/KT) L
2n+1 ds ds
n—-1 (10)
+ Pe > _3LRn—2_O (5= Si51)s
Rn:O_lv Rn;&O 0 (s—>oc)

It should be noticed here that Eq. 8 is a special result of
equation

1 (a+a)V
Pe=———0f— (5)
2 Dij b 1 LR -G d(CDiJ-/kT) R dr, c 1
e*—LR, - G| —— =Ry + —
3 1 ds T4 )T arms? an
The boundary conditions corresponding to Eq. 4 may be writ-
ten as
Vij Dj; b Dj;
S V(o) Pij — Di(f). W P~ D(o> Vpij| =0 (5=Sskr), )
pij =1, (s—),
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the righthand side of which represents the flux of sphere |
across the surface with radius s. The constant C is zero for a
stable system, thereby Eq. 11 transforming to Eq. 8; and
nonzero for an unstable system.

One specific objective of the study on the sedimentation in
a dilute suspension is to calculate the sedimentation coeffi-
cient S;; defined by the expression (Batchelor, 1982; Batche-
lor and Wen, 1982)

<Ui> = Ui(o)

1+ %sijcz)j) (i=1,2,...,m) (12)
j=1

for the mean velocity of spheres of species i correct to the
order of the first power of the total particle volume fraction
d(=L",¢)). Here U@ is the velocity of an isolated sphere
of species i under gravity. The summation is over the m dif-
ferent species of particle in the suspension. The sedimenta-
tion coefficient S;; is a function of the ratios of the radii and
of the reduced densities of the spheres of species i and j
denoted by A= a;/a; and y =(p; — p)/A p; — p), respectively.

According to Batchelor’s theory (Batchelor, 1982), the sedi-
mentation coefficient of a dilute suspension can be decom-
posed into independent direct contributions from gravity, in-
terparticle force, and Brownian thermodynamic force, namely,
Si;=S{+ S+, where S{’ denotes the contribution
from gravity, and it reads

3
S(6) = 1A
1] )l

.J- . J.
9-3:9 .9 g)

oz T

—y(X+31+1), (13)

in which
3 ss ss
J=Ef[Ans—2+ Bll(l—?)—l]p”(s)ds, (14)
" 3 2A SS SS
e eV A RS (| YO

and S{” denotes the contribution from the interparticle force.
It reads

3 yA2—1 (1+2)
SPh=—
8w Pe 41

2 $-V.O d( D, /KT
) AT L yas, (16)

A A — A
f( 14 S ds

and S denotes the contribution from the Brownian ther-
modynamic force. It reads
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g 3 Y¥-1as ")2[ An—By  1dAy
Y 47 Pe 4)\2 S 2 ds

2(A,,—B 1 dA,) s VO
_ ( 12 12) 12} i (1—pi,-)ds. (17)

(1+A)s  1+A ds [ sy

In Egs. 14-17, Ay, Ay, B4y, and By, are four mobility func-
tions given by Jeffrey and Onishi (1984). Substituting Eq. 7
into Egs. 13, 16, and 17 finally yields the following three ex-
pressions:

2yA8 )
Ap—By+ m(AlZ — Bpp)|Rpsds

2yA8
A11+2811+m(A12+2812)—3 Ro

o’ 1 2d A +3r+1 18
- —1s?ds — +31+1),
T ns ¥( ). (18)
2 2
ST G
N Pe 8\
2 d(®;/KT)
-f(All—l+AA12) ;S R,s2ds, (19)
and
® Y2 -1 (1+2A) (A,-B;, 1dA;,
S(P=— > f + =
Pe 8\ S 2 ds

_ 2( A12 - BlZ) _ 1 dAlZ
(1+A)s 1+ ds

}Rlszds. (20)

Thus, calculation of the sedimentation coefficient for a di-
lute and stable suspension has been reduced to the calcula-
tions of R, (s) as well as the three sedimentation integrals in
Egs. 18, 19, and 20. It is interesting that, although the full
description of the PDF of R,(s) for each n needs to be
known, the sedimentation coefficient concerns only R(s),
R,(s), and R,(s), owing the orthogonal properties of the Leg-
endre polynomials.

PDF for Polydisperse Systems at Small Péclet
Number

Equations 8 and 9 are complex recurrence formulas includ-
ing differentials of R.(s), and generally speaking R.(s) can-
not be derived analytically. However, if the situation was re-
stricted to the case of small Péclet number (Pe < 1), we can
continue the derivation of the PDF by expanding R,(s) into
a power series of Pe.

Suppose R, (s) can be expanded into a power series of small
Péclet numbers. For the first step, we write R,(s) as

Ro(S)=e(b'/kT'[l'*‘f%f(s)‘ds}’ @)
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in which f(s) should be a power series of Pe. Substituting
Eqg. 21 into Eqg. 8, one obtains

Rl(s)=Pie-e"1"/”-f(s). (22)

It is necessary that the PDF reaches the Boltzmann distribu-
tion e~ ®¥T in the limit Pe — 0. It demands that R,(s)—
e~ T and R, (s)— 0 for n>1. Thus, f(s) should behave
like Pe?- Q(s)+ o(Pe?). Now we rewrite Ry(s) and R(s) as

Ro(s)=e ®/T |1+ Pez-f%Q(s)'ds+ o(Pe?)|, (23)

Ry(s)=e" 2w/ T.[Pe-Q(s)+ o(Pe)]. (24)
Substituting Egs. 23 and 24 into Eg. 9 and neglecting the
terms of order Pe?, we are left with
2d 2 d
g E(SZLRZ) + ESMRZ = E( s?Ge (b”/kTQ)

d
—2He*¢’u/kTQ—£(s2|_e*‘1’n/kT)+25Me*4’l/kT. (25)

Just as with the constraints on Ry(s) and Ry (s) discussed
earlier, the sum of the righthand terms of Egs. 25 should be
zero, or a term of order Pe® will appear in R,(s). That is to
say, the function Q(s) ought to be the solution of equation

d dQ\ d(®;/kT) . dQ
—[s°6— |- —2X—>5°G— —2H
ds(S ds) ds s ds Q
d( @, /KT
=sZW—%szL, (26)

which is consistent with the result given by Batchelor and
Wen (1982). Here the function W(s) has the form (Batchelor,
1982)

C2(L-M) dL
W(S)—f‘f‘g. (27)

The boundary conditions of Q(s) corresponding to Eq. 26 are

dQ
G'E_L=O (5= S1sk7), (28)
Q-0 (s—>oo),

To summarize, the PDF for a dilute, polydisperse suspension
at small Péclet number may be approximately expressed as

pij(s,0)=e P T[1+ Pe-Q(s)cos 6]. (29)

For monodisperse suspensions, the spherically symmetric
Boltzmann distribution is the exact solution of the PDF,
whereas now it is only the leading term of the approximate
solution (Eq. 29). Substituting R,(s) into Eq. 18 and R(s)
into Egs. 19 and 20, respectively, considering that both S("

i
and S{? are preceded by a constant inversely proportional to
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Pe, one obtains the sedimentation coefficient corrected to Pe®
for polydisperse suspensions at a small Péclet number. The
result is more complex than that of the monodisperse case
(Wen, 1996).

Interparticle Potential

Typically, the potential interaction between two hydrosol
particles consists of the electric repulsive double-layer poten-
tial and the van der Waals attractive potential. A practical
way to deal with the interparticle potential for the stable sus-
pension of small particles with a thin double-layer presented
in the previous article (Wang and Wen, 1998) is employed
here. It has the form

(8 < Sis7),
(8= S157)-

o0
®= Vj + Vi (30)

Here V, denotes the van der Waals attractive potential, which
can be expressed as (without retardation) (Russel et al., 1989)

v A
=——=X
A 6

8A 8A
(s2—4)(1+ 1)’ " s2(1+ A)*—4(1— A)?

(s2—4)(1+ )\)°
s2(1+ )2 —4(1— A |

(31)

where A is the composite Hamaker constant. In Eq. 30, Vg
denotes the electrical repulsive double-layer potential, and
depending on the thin double layer and low surface poten-
tial, it can be expressed as (Russel et al., 1989)

Vg = dmeeya P2+

an ‘In[1+exp(— x(s—2))], (32)

where e is the relative dielectric constant of the medium; ¢,
is the dielectric constant of vacuum; s is the surface poten-
tial; and the dimensionless Debye screening parameter, «,
can be expressed as

(ara) 1

> foo (33)
Here the double-layer thickness, &, , and the surface poten-
tial are two independent parameters of the repulsive poten-
tial. The surface potential, which is relevant to the surface
charges of a hydrosol sphere, describes the strength of the
repulsive potential. The double-layer thickness is determined
by the system temperature and the electrolyte, and describes
the extension of the repulsive potential. Its crucial influence
on the sedimentation phenomena will be revealed in the fol-
lowing section.

Numerical Results and Discussion

We have solved Eq. 26 for Q(s) numerically. As s -, G,
H, L, and M approach unity, W is of order s~3, and <I>ij is of
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order s~°. Consequently, in the far field Q(s) in Eq. 26 be-
haves like the case of hard spheres described by Batchelor
and Wen (1982)

s

KZ
— +
2
S m=3

Q(s) = , €

Km
sm

in which, when s> 1, K, is unknown and K,, can be found
in terms of K, by substituting Eq. 34 into Eqg. 26, writing G,
H, L, M, W, and CI)iJ- as power series in s™!, and equating
coefficients of s~™. The procedure for solving Eq. 26 is to
guess a value of K,, thereby determining Q numerically in
the far field s> 10, and then to integrate the equation nu-
merically from s =10 to the smaller value of s. The correct-
ness of the assumed value of K, is judged by whether the
inner boundary condition is found to be satisfied; if it is not,
further trials are needed.

The earlier work of Batchelor and Wen (1982) ought to be
mentioned before calculating the function Q. In their article,
they showed that for hard spheres, when A was fixed, it was
unnecessary to recalculate Q for each value of vy, since one
had

(X =1):Q(s,7, ) =Q'(s, ) +yQ"(s, 1), (35)

in which Q" and Q" were independent of vy, and could be
expressed as

Q,(sr /\) == Q(Sl Y )\)"y=07
Q(5,1) = Q5,7 Dly-o + (2 1) Q(5, v, Dlyo1.
(36)

Thus, the function Q for any other values of y can be easily
obtained for the hard spheres system, provided Q' and Q"

a= 1pmy =-25mV,£0D=5nm

0.25

02

0.15

0.1

Q(s)

0.05

2 25 3 35 4 45

Figure la. Calculated values of Q vs. dimensionless
center-to-center separation s for potential
interacting spheres with thin double layer.

WD A=2;2) r=4,3) A=8; (4 r=1/2; (5) A=1/4; (6)
A=1/8.
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are known, as can the sedimentation coefficient. Regretfully,
however, when the interparticle potential with a thin double
layer is considered, we have to give up this valuable ap-
proach. As indicated in Eq. 36, Q" and Q" are determined by
Qly=0 and Ql,~1, in which y =0 implies p; = p and p; # p;,
while y =1 implies p; = p;. In other words, the system of y =
0 and the system of y =1 contain different species of sphere
i or/and sphere j, and thus a different composite Hamaker
constant. Since it is meaningless to follow Batchelor and
Wen’s approach anymore, the following numerical study only
looks at the practically interested suspensions containing
spheres of identical density (namely y =1). The bidisperse
polystyrene—water suspension, whose typical value of the
Hamaker constant is about 7x107!2 J (Wang and Wen,
1998), is chosen as the sample system. The radius of sphere i
is fixed at 1 um; thus, the variation of the radius ratio A
results from the different size of sphere j.

First of all, the numerical results of Q for potential inter-
acting spheres with a thin double layer are presented Figure
la. As we find, since the interparticle potential is also y-de-
pendent, the curves in Figure la are much different from
those in Figure 1b, which shows the numerical results for hard
spheres, and in which Q diminishes smoothly with the de-
crease in s and is identical to the case of A and 1/A.

Equation 29, indicates that e~ ®i/XT is the leading term of
the approximate solution of the PDF, and e~ ®#/<TQ(s) is the
radial part of the O(Pe?) term. To show how the interparticle
potential influences the behavior of the PDF, the e~ ®i/kT ~
& p curves and e~ *VATQ~ &, curves are presented in
Figure 2a and 2b for the fixed surface potential. When the
double layer becomes thinner, the secondary minimum of the
interparticle potential becomes deeper and closer to the par-
ticle surface, leading to the larger corresponding peak values
of e~ ®¥T and e~ ®*W/XTQ (see Figures 2a and 2b). In the ac-
tual situation, this predicts the appearance of more spheres
in close pairs—which fall more quickly than well-separated
pairs—in the suspension; hence, the more accelerated sedi-

025 Hard Spheres

015

0.1

Q(s)

0.05 1)

Figure 1b. Calculated values of Q vs. dimensionless
center-to-center separation s for hard
spheres.

(1) A=1/8 and 8; (2) A=1/4 and 4; (3) A=1/2 and 2.
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Figure 2a. e as a function of s.

The peaks of the curves correspond to the secondary mini-
mums one by one, whose positions are marked by the
dashed lines.

— @ /KT

mentation. This phenomenon is indicated in Figure 3 by the
increase in the sedimentation coefficient with the decrease in
£o,p- There exists a critical double-layer thickness &, ., which
may be defined as the value of the double-layer thickness
giving S;; = 0. On condition that &, < & ¢, many close pairs
appear in a system that the hindered sedimentation turns into
accelerated sedimentation (S;; changes from negative to posi-
tive), and a stable suspension turns into an unstable one. For
the sample system, when the surface potential is fixed on —25
mV, the values of the critical double-layer thickness are about

Y1 as=ima=2p =25mV
H 1 S
E0,D
| (1): 5.0nm
o ° (2): 7.50m
) (3): 10nm
-
<
%
(]
4 L
i
i ]
(2 ' |
1 i f| (3)! ! | 1
2 202 204 206 208 2.1 2.12

S

Figure 2b. e ~®i/¥TQ as a function of s.

The peaks of the curves correspond to the secondary mini-
mums one by one, whose positions are marked by the
dashed lines. Parameters of the interparticle potential are
identical to those in Figure 2a.
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0r a =1.0pm, y =-25mV

€0

Figure 3. Sedimentation coefficient S;; as a function of
the double-layer thickness &; .

The sedimentation coefficients of hard spheres (dashed
lines) are shown for comparison.

2.5 nm for aj=0.5 um, 4 nm for a =1 wm, and 5 nm for
a;=2 pm (see Figure 3).

Further calculations have been made to demonstrate the
behaviors of the sedimentation coefficient and its three inde-
pendent direct contributions. Results are given in Tables 1
and 2. The term —(A% +3X+1) is subtracted from the calcu-
lated values of S;; and S’ to reduce the variation in the
tabulated numbers over the whole range. It is found in these
tables that even for the case of a small Péclet number, Si(j')
and S{»’ are generally rather small compared with S{>. This
result seems to conflict with the case where Pe <1 implies a
strong interparticle force and a Brownian diffusive force, as
well as relatively weak gravity, yet it may be explained as fol-
lows: the spherically symmetrical leading term of the PDF
contributes only to Si(jG) among the three independent direct
contributions, whereas the axis symmetrical term of order Pe!
contributes to S/’ and S{*. This does not mean that the
effects of the interparticle force and the Brownian diffusive
force can be ignored in an approximate treatment; the indi-
rect effects of the two forces exerted through their influence
on the structure of the system—namely, on the PDF in the
case of the dilute system—are significant.

Table 1. Calculated Sedimentation Coefficient for the
Sample System in the Case where &,, = 20 nm,

= —-25mV
A S+ A2 +3x+1 S S(P S+ A +3a+1
0.125 —2.59 -021 -0.02 —-2.82
0.25 —2.54 -0.16 —0.04 —2.74
0.5 —2.39 -010 —0.04 —2.54
1 —-1.99 0 0 —-1.99
2 -1.18 0.07 0.09 —-1.02
4 0.17 0.06 0.17 0.40
8 2.45 0.04 0.22 2.71
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Table 2. Calculated Sedimentation Coefficient of the
Sample System in the Case where &,, = 20 nm,

Y, = —50mV
A S(P+ A +31+1 S S(P S+ AP +3A+1

0.125 —267 -032  —0.02 -3.01

0.25 —2.65 -023 —0.04 —2.91

0.5 —2.54 -0.14 —0.04 —2.72

1 -2.23 0 0 -2.23

2 —1.63 0.10 0.10 —1.44

4 -0.71 0.10 0.20 —0.42

8 0.72 0.07 0.27 1.06

Conclusions

In order to solve the sedimentation problem in a polydis-
perse suspension containing potential interacting particles, we
expanded the pair-distribution function (PDF) into Legendre
polynomials. Relevant formulas for calculating the PDF and
the sedimentation coefficient were obtained. The sedimenta-
tion of polydisperse, potential interacting particles with a thin
double layer in the case of a small Péclet number was ana-
lyzed in detail. Numerical results revealed the significant in-
fluence of the interparticle potential on the particle settling
as well as the character of the sedimentation.

We end by offering some conclusions relating to the sedi-
mentation in the case of a small Péclet number: (1) the func-
tion Q in the approximate solution of the PDF may possess a
peak value, due to the existence of the secondary minimum,
yet in the case of hard spheres, Q diminishes smoothly with
the decrease of s; (2) among the three independent direct
contributions to the sedimentation coefficient, the contribu-
tion from gravity generally exceeds the contributions from the
interparticle force and the Brownian diffusive force, and the
latter two forces affect the sedimentation indirectly through
its influence on the PDF; (3) a critical double layer for the
polydisperse suspensions exists, as it does for the monodis-
perse suspension. When the double-layer thickness is less than
the critical value, the sedimentation may be so strongly accel-
erated that the hindered settling turns into enhanced settling.
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Notation

A1, A, = longitudinal mobility functions
By, By, = transverse mobility functions

e = electron charge
k= Boltzmann constant
&= dimensionless gap between two spheres
&, = dimensionless double layer thickness
&, = critical double layer thickness
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